In recent years there has been an increased demand for advanced materials that can sustain rapid dynamic loadings. To this end, we simulate the transient response of composites with nonuniform arrangements of their microstructures. First, a constitutive model that reproduces experimentally measured response of a glass-fiber composites is identified and adjusted. This involves a Mie-Grü neisen equation of state for the dilatational response together with a Voigt model for the isochoric behavior which is modified to include damage effects from void nucleation and growth. Then, with the aid of this constitutive model, a sequence of simulations of composites with nonuniform distributions of the reinforcement are executed. We find that composites with increasing volume fraction of the reinforcement along the impact direction tend to attenuate the intensity of the propagating waves. This attenuation delays the initiation of failure mechanisms to higher impact velocities and improves the composite's sturdiness.
Introduction
The diversity of possible responses of materials with microstructures to dynamic loading has recently attracted the attention of the scientific and engineering community (e.g., Li et al., 2001; Scheidler and Gazonas, 2002; Chen and Chandra, 2004) . However, the characterization of the transient behavior of heterogeneous materials is complicated due to the numerous parameters affecting their response. Prominent among these parameters are those that dominate the behaviors of the reinforcement and filler including strain-rate effects and failure mechanisms. Additional parameters are the reinforcement volume fraction, the geometry of the inclusions and their spatial arrangement within the filler. Moreover, the contrast between the impedances of the constituents results in reflections and refractions of the waves in the medium. A review summarizing common testing techniques and issues concerning the behavior of composites can be found in Barre et al. (1996) .
In this work we examine the behavior of glass-fiber-reinforced epoxy composites subjected to planar impact conditions. Of a particular interest is the influence of the arrangement of the composite's microstructure on its dynamic behavior. In the present study, where relatively low stresses are considered, the reinforcing glass-fiber is treated as linear-elastic. However, the inelastic behavior of the epoxy matrix needs to be characterized. A comprehensive discussion regarding the propagation of stress waves in polymers with nonlinear stress-strain relations and strain-rate dependence was carried out by Barker and Hollenbach (1970) . It was demonstrated that in agreement with corresponding theoretical findings of Schuler (1970) the free-surface velocity profiles of materials with strain-rate dependence are characterized by a rapid initial rise time and gradual convergence to the peak velocity afterwards. El-Habak (1991) studied the behavior of glass-fiber-reinforced composites by application of split Hopkinson pressure bars, and found that the overall response of the composite depends on the resin type and the fiber volume fraction.
The relevancy of the constituents' properties to the composite overall response also depends on the reinforcement spatial arrangement. In the fiber direction the response is predominated by the behavior of the reinforcement, while perpendicular to the fibers the overall behavior is dictated by that of the filler. Barker (1971) examined the strain rate dependency of the dynamic response of a laminated composite whose constituents' behavior is strain-rate-independent. A homogenized model for determining the Hugoniot of mechanical mixtures was proposed by Munson and Schuler (1971) . Comparison of numerical estimates based on this model with corresponding experimental findings exhibited a favorable agreement. Holmes and Tsou (1972) determined the Hugoniot of aluminum fiber-reinforced epoxy composites from measurements of shock wave and free-surface velocities. It was found that expressions developed by Tsou and Chou (1969) for the Hugoniot of composites in terms of the constituents' behaviors and volume fractions provided good estimates for the measured data. The behavior of a glass-fiber-reinforced epoxy composite normal to the fiber direction was examined by Zhuk et al. (1994) , free-surface velocities and pressure variations during one-dimensional impact experiments were measured, from which estimates for the Hugoniot of the composite were deduced. The effects of strain rate on the behaviors of epoxy samples and glass-fiber-reinforced epoxy systems were experimentally studied by Tay et al. (1995) . The behavior normal to the fiber plane was dominated by that of the epoxy filler. The relationship between the composite transient behavior normal to the fiber plane and the behavior of the epoxy filler was examined in Zaretsky et al. (2004) .
The refraction and reflections of waves propagating in a laminated medium were discussed by Postma (1955) . It was demonstrated that a laminated medium can be treated as an effective homogeneous medium only in the limit when the thickness of the layers is substantially smaller than the characteristic time of the stress pulse. Munson et al. (1978) obtained fair estimates for the behavior of particulate Al 2 O 3 -reinforced epoxy composites. The structure of the composites examined in the experiments of Zaretsky et al. (2004) is characterized by two hierarchical levels: fine sub-ply level of woven glass-fiber fabrics embedded in an epoxy resin and a cruder laminated structure of 12 plies bonded with thin layers of epoxy adhesive. While the refractions and reflections of the waves between the plies were identified, traces of the heterogeneity at the fine level could not be detected.
The spall strength of glass-fiber-reinforced epoxy composites were measured by Zaretsky et al. (1997) . A nucleation and growth (NAG) model together with a fracture model that were applied by Tokheim et al. (1989) provided good estimates for corresponding experimental measurements of spall strength in a Kevlar fiber-reinforced epoxy composite. The delamination strength of glass-fiber-reinforced composites were measured by Dandekar et al. (1998) under plane normal and oblique impact conditions. A threshold shockinduced compression stress beyond which delamination will occur due to refracted tensile waves was determined. Syam et al. (2000) examined the fracture mechanism in reinforced plastics. It was found that the damage zone consisted of matrix cracking, fractured fibers and debonding between the fibers and the matrix.
Theoretical studies of the dynamic response of heterogeneous media can be divided into those that deal with steady-state time harmonic acoustic waves and those associated with transient loading conditions. The topic of the present work belongs to the second class of problems. Within the context of problems related to transient loading Chiu and Erdogan (1999) and Scheidler and Gazonas (2002) used Laplace transform methods for solutions of several transient wave-propagation boundary-value problems for free-fixed and free-free boundary conditions in inhomogeneous one-dimensional layered media. Bruck (2000) investigated the optimal design that reduces the stress wave amplitude under one-dimensional impact loads. Chen and Chandra (2004) identified three main material heterogeneity factors in layered systems subjected to high velocity impacts, namely, impedance mismatch, interface density and thickness ratio. Using an analytical solution and an impact test, they examined the influence of these factors on the temporal evolution of the shock wave stress in terms of arrival time, rise time, peak stress and oscillatory pulse duration. Among the various findings of their work, it is demonstrated that laminated structures can be used for approximating the behaviors of real-life composites under transient loading conditions. Clements et al. (1998) investigated the propagation of waves in an approximated model of homogeneous and bilaminate linear-elastic targets under one-dimensional impact conditions by expansion of the displacement field in terms of the first three Legendre polynomials. Anfinsen (1967) and Velo and Gazonas (2003) determined optimal material properties which maximize or minimize the amplitude of the first transmitted stress wave along an elastic strip by application of the z-transform methods and the method of characteristics, respectively. Li et al. (2001) examined the response of functionally graded metal-ceramic-layered composites to a rapid loading using finite element simulations. They investigated the influence of different gradations of the ceramic volume fraction on elastic and viscoplastic behaviors. The behaviors of the individual metal-ceramic laminates were deduced from an earlier experimental work (Li and Ramesh, 1998) . It was found that the type of gradation and the existence of discontinuous interfaces have a strong effect on the axial stress distribution. Accordingly, the location and the timing of the spall can be controlled by the gradation or layering sequence of layers with different reinforcement volume fraction.
The paper is structured as follows. The procedure used for characterizing and simulating composites with nonuniform microstructures is outlined in the first section of this work. Then we simulate a sequence of planar impact experiments that were carried out by Zaretsky et al. (2004) . We demonstrate that some of the features revealed in these experiments can be related to the underlying microstructure of the composites. Additionally, these simulations are being used for setting up the parameters for the constitutive model chosen for characterizing the behavior of the epoxy resin. The dilatational and isochoric behaviors of the epoxy are characterized with the aid of a Mie-Grü neisen equation of state (EOS) and a Voigt model, respectively. Damage effects are accounted for by application of a void nucleation and growth model. The responses of idealized composites with linear and parabolic distributions of their microstructures are considered in the following section. It is found that with an appropriate distribution of the glassfiber within the specimen the transient response of the composite can be tuned. The main results of this work are summarized in the conclusions.
Characterization of composites with nonuniform microstructures
To enable simulations and analyses of composites with different distributions of fibers, in this section a systematic procedure for describing and modeling the microstructures of such composites is outlined. In the present work we are concerned only with unidirectional fiber composites that are subjected to planar impact normal to the fiber plane (see Fig. 4 ). Since during the initial stage of the impact the sample is in a state of one-dimensional straining (Zaretsky et al., 2004) , in a manner similar to the one followed by Chen and Chandra (2004) we approximate the fiber composite as a laminated composite.
The distribution of the fibers along the composite thickness is characterized with the aid of a distribution function f d . This function must fulfill two requirements. The first is a local condition stating that at any region in the sample the local concentration of the reinforcement may vary between zero and one. Thus, in terms of x ¼ x=L S , the normalized distance from the impacted surface where L S is the sample's length,
The second is a global condition stating that the total volume fraction of the reinforcement must be equal to the overall volume fraction prescribed by the manufacturer. In the specific case of a glass-fiber composite with fiber volume fraction C gl , this implies that
We examine linear, parabolic and standard normal distribution functions. A uniform distribution is a limiting case of any of these three nonuniform distribution functions. The linear distribution function may be expressed in the form
Here, a is the slope, and C go is a constant shift. From Eq. (2) C go ¼ C gl À 1 2 a, and hence
The limiting values of the slope of the distribution function a resulting from inequalities (1) are depicted in Fig. 1 . The thick lines define the boundaries of the realizable range of a as a function of the fiber volume fraction. Thus, for a given C gl any value of a between the pair of thick lines can be realized. The limiting case of a uniform distribution function corresponds to a = 0. A higher order of distribution function is the parabolic function whose most general form is
To comply with requirement Eq. (2) the distribution function must be in the form:
wherex e is the extremal point (i.e., the point where f 0 pd ðx e Þ ¼ 0). Fig. 2 shows the range of possible values for the coefficient a in Eq. (6) as a function of the extremal pointx e for C gl = 0.45. The curve ''A'' corresponds to the requirement f pd ðx e Þ P 0 and the curves ''C'' and ''E'' correspond to f pd (1) 6 1 and f pd (0) 6 1, respectively. Thus, the area bounded beneath the intersection of these curves (the thick upper curve in Fig. 2 ) and thex e axis is the region defining the valid domain for a > 0 (convex parabolic distribution function). In the same manner, the curve ''B'' corresponds to the requirement f pd ðx e Þ 6 1 and the curves ''D'' and ''F'' to the requirements f pd (1) P 0 and f pd (0) P 0, respectively. Thus the area bounded above the intersection of these curves (the thick lower curve in Fig. 2 ) and thex e axis is the region defining the valid domain for a < 0 (concave parabolic distribution function). The case a = 0 corresponds to uniform distribution of the fibers.
When the precise distribution function is not known, a possible way to approximate it is by assuming a standard normal distribution function 
Here, S dt is the standard deviation, C go is a constant shift andx m is the point where f nd ðxÞ attains its extremal value (in this work we assumex m ¼ 1=2). To comply with requirement (2), we choose a distribution function in the form
To examine the requirement imposed by inequalities (1) we consider two cases. The first corresponds to maximal concentration of the glass-fiber at the center (i.e., the coefficient of the exponential term is positive). We denote this case ND. For this case requirements Eq. (1) imply that e f nd ð 1 2 Þ 6 1 and e f nd ð0Þ ¼ e f nd ð1Þ P 0. These two conditions can be rephrased as follows:
The opposite case, with minimal concentration of the fibers at the center, is denoted IND. For this type of distribution, requirements (1) are e f nd ð 1 2 Þ P 0 and e f nd ð0Þ ¼ e f nd ð1Þ 6 1, and they induce the following two upper bounds for C go ,
The range of admissible values for C go deduced from the two pairs of inequalities in Eqs. (9) and (10) is shown in Fig. 3 as a function of S dt for a composite with overall fiber volume fraction C gl = 0.45. The dashed curves correspond to the expressions on the right hand side of Eqs. (9) and (10). The upper thick curve corresponds to the maximum of the two expressions in Eq. (9). For a given standard deviation S dt , any value of C go above this curve is admissible. The lower thick curve is the minimum of the expressions in Eq. (10), and values of C go beneath this curve are admissible for IND distribution functions. The limiting case of a uniform distribution function corresponds to S dt ! 1, and we note that in this limit the value of C go is irrelevant.
We discretize the nonuniform composite assuming that it is made out of equally spaced N cp composite-pairs. While the length of the composite-pairs is fixed, the relative thickness of the constituent layers (phases) within each pair is determined according to the local value of the distribution function. An illustration of the idealized microstructure of a lamina with a linear distribution function with a = 0.9 constructed from five composite-pairs and fiber volume fraction C gl = 0.45 is shown in Fig. 4 . The location of the interface between the constituents in the leftmost composite-pair is determined according to the local volume fraction of the glass phase in this composite-pair (i.e., R 1=5 0 f ld ðxÞ dx). The locations of the local interfaces in the other composite-pairs are determined in a similar manner. 
Simulations of the experiments
Our first goal is to determine a constitutive relation that permits characterization of the dynamic response of a glass-fiber-reinforced epoxy composite subjected to planar impact loading normal to the fiber direction. To this end, we simulated the responses of samples made of both pure homogeneous and fiber-reinforced epoxy that were studied in a series of planar impact experiments by Zaretsky et al. (2004) . In these experiments the composite samples with 12 woven glass-fiber-reinforced epoxy plies and fiber volume fraction C gl = 0.45 were struck perpendicular to the fiber plane by aluminum impactors at velocities ranging from 60 to 280 m/s. The free-surface velocities of the samples were monitored by VISAR (Barker and Hollenbach, 1972) .
Initially, we examined the response of linear-elastic samples constructed from 12 identical laminas with a uniformly distributed microstructure. The simulation was carried out by application of a modified method of characteristics that provides an efficient computational tool for simulating the response of a sample with many interfaces (Shaine, 2005) . The free-surface velocity profiles determined for three samples with 2, 5 and 15 composite-pairs in each lamina are shown in Fig. 5 . In these simulations, the total number of composite-pairs in the sample are 24, 60 and 180, respectively. The impact velocity is v imp = 65 m/s, the impactor is infinitely long and the samples lengths are L S = 3.16 mm. Throughout the simulations, the Young's modulus, Poisson's ratio and density assumed for the glass-fiber are E gl = 72 GPa, m gl = 0.2 and q gl = 2000 kg/m 3 , respectively. Following the measurements of Zaretsky et al. (2004) , for the linear-elastic simulations the properties of the epoxy matrix are E ep = 4.09 GPa, m ep = 0.39 and q ep = 1120 kg/m 3 . For the aluminum impactor we assumed E al = 70 GPa, m al = 0.33 and q al = 2700 kg/m 3 . The results are compared with the free-surface velocity profile of a homogenized medium whose properties are
where E 0 ef is the one-dimensional uniaxial-strain modulus, q ef is the effective material density, and C ep = 1 À C gl is the volume fraction of the epoxy. For the isotropic phases the one-dimensional uniaxial-strain modulus is L lam = L S /12 is the length of a single lamina. The free-surface velocity (v fs ) axis is normalized by the impact velocity. For the sake of clarity, the profiles are shifted by twice the impact velocity. In all three cases, there is a relatively smooth rise of the velocity profile followed by a period of oscillations of the free-surface velocities due to the interaction of the stress waves with the internal microstructure. Afterwards, the oscillations decay and the free-surface velocity profiles converge to the free-surface velocity of the homogenized medium. Note that the periods during which the free-surface velocity profiles oscillate shrink as the number of the composite-pairs increases. Thus, with the refinement of the microstructure, the free-surface velocity profiles approach the profile of the homogenized medium more rapidly.
Next, we examined the response of linear-elastic composites made out of 12 identical laminas with normal distribution of the fibers within the laminas. The influences of the parameters N cp , S dt and C go on the dynamic response are highlighted with the aid of the free-surface velocity profiles depicted in Fig. 6 . In all cases, the total volume fraction of the glass phase is C gl = 0.45, and the elastic properties of the constituents are identical to those assumed previously for the samples with uniform fiber distributions. In these figures the time and the free-surface velocity axes are normalized in a manner similar to that in Fig. 5 . Once again, the free-surface velocity profiles are shifted by twice the impact velocity. In all three figures the free-surface velocity profile that was determined for a composite with
is shown as a common benchmark. The influence of variations in N cp is demonstrated in Fig. 6a . First, by comparing the free-surface velocity profiles with those shown in Fig. 5 , we can appreciate the marked influence of changes in the microstructure on the dynamic response. We emphasize that under static loading conditions the behaviors of the composites with uniform and nonuniform distributions will be similar. Additionally, we note that as the microstructure becomes fine, the free-surface velocity profiles approach a limit depending on the particular distribution but is independent of the number of interfaces.
The effects of changes in reinforcements deviations on the dynamic response are demonstrated in Fig. 6b . We recall that the value of the standard deviation in expression (8) governs the form of the normal distribution function. Thus, as the value of S dt decreases the local variations in the reinforcement's volume fraction become sharper. In the opposite limit of a large S dt , these variations become small and the distribution function tends to a uniform one. As the variations in the volume fraction of the stiffer phase become sharper (i.e., smaller S dt ) the oscillations in the free-surface velocity profile are more pronounced and their fading rate is slower. Naturally, in the opposite case the response becomes similar to that of a sample with a uniform distribution function. Furthermore, we observe that for a small S dt the free-surface velocity profiles rise to their highest values in two stages. This phenomenon occurs due to a precursor wave that propagates ahead of the main compression wave. We note that this two-stage rise is reminiscent of the experimental results reported by Zaretsky et al. (2004) (see, in particular, curves EC and DC in Fig. 9) .
The second parameter appearing in expression (8) is the shifting constant C go . The influence of variations in this parameter on the transient response is demonstrated in Fig. 6c . Note that as we increase the value of C go (while keeping S dt fixed) the amplitude of the variations of the distribution function (8) decreases. This is in agreement with the tendency of the profiles shown in Fig. 6c . As C go becomes large the response of the composite tends to that of a composite with a uniform distribution function. The influence of the microstructure, including the reverberations of the free-surface velocity profile and the two-stage rise of the profile, becomes evident as the value of C go is decreased. In accordance with these results and their agreement with the experimental findings, henceforth we use as representative parameters those that are given in Eq. (12).
In practice, the composite's behavior is not linear elastic, so to account for more complex behavior a sequence of finite element (FE) simulations was executed. The simulations were executed by application of the commercial code ABAQUS (Hibbitt et al., 2002) . The behavior of the glass-fiber was taken as linear-elastic. The hydrostatic behavior of the epoxy was accounted for by application of a Mie-Grüneisen equation of state (EOS) together with a linear approximation for the dependency of the shock speed on the particle velocity in the principal shock Hugoniot. It is further assumed that the relation between the deviatoric component of the stress in the epoxy depends on the isochoric strains and their rate, but is independent of the volumetric strains. We considered the simplest model of this type which is commonly denoted a Voigt solid. The NAG model of Seaman et al. (1976) was used for characterizing a failure in the epoxy phase. The details of the constitutive model assumed for the epoxy are summarized in Appendix A. This inelastic constitutive model was implemented in the FE code with the aid of a dedicated user defined subroutine.
First, we conducted simulations of three experiments with pure epoxy samples (experiments AE, BE and CE of Zaretsky et al., 2004) . The impact velocities and the samples and impactors thicknesses are summarized in Table 2 in Appendix B. To extract the required parameters for the inelastic model chosen for characterizing the behavior of the epoxy matrix, a series of FE simulations with different values for these parameters were executed until agreement with the experimental results was attained. For the pure epoxy samples, it was found that FE models with 400 planar elements are sufficient. The pertinent values of these parameters are listed in Table 1 . The comparison between the FE simulations and the experimental results is shown in Fig. 7 . The continuous with clear circles curves and the dotted curves show the simulated and the experimentally measured free-surface velocity profiles, respectively. The dashed curve corresponds to a simulation without the NAG model. For convenience, the profiles are shifted from one another by 0.5 ls along the time axis.
We found that the simulated profiles closely follow the measured profiles for the high and low impact velocities. Particularly, during the rise and the plateau stages there is good agreement with the experiments. In experiment BE, where the impactor is thin, the curve for the FE simulation diverges from the experimental curve after a spall is generated in the epoxy sample (as discussed in Zaretsky et al., 2004) . However, the agreement of the simulation accounting for the NAG model (continuous curve with clear circle) with the experimental results is better than the corresponding agreement of the simulation without the failure model (dashed curve). Particularly, the decrease in the free-surface velocity profile according to the NAG simulation after the spalling is more moderate in comparison with the FE simulation without the NAG model, and the slope is closer to the measured one. The constitutive parameters for the epoxy phase in the simulations of the experiments with the composite samples (AC, BC, CC, DC and EC of Zaretsky et al., 2004) were deduced in a manner similar to that of the epoxy samples. The impact velocities during these experiments as well as the thicknesses of the composite samples and aluminum impactors are listed in Table 2 in Appendix B. It was found that, in comparison with the rest of the parameters, the ratio between l 0 and l v as well as the values of P n0 and P g0 had a profound effect on the resulting response of the composite. The values of the parameters are listed in Table 1 . In these simulations the distribution parameters (S dt and C go ) and the realization parameter (N cp ) are the ones found in Eq. (12). Due to the complexity of the FE models, which involve a large number of interfaces, an external code that generates the FE mesh according to the appropriate distribution function was written (Shaine, 2005) . By comparison of FE simulations of composites with linear constitutive laws for both phases with corresponding analytical results determined by the method of characteristics, we found that models with at least five elements in the smallest connected phase provide both computational efficiency and a satisfactory level of accuracy.
The comparison between the FE simulations and the experimental measurements for the low impact velocity experiments (AC, BC, CC) is shown in Fig. 8 . The continuous curves with clear circles and the dotted curves depict the simulated and the measured free-surface velocity profiles, respectively. The profiles are shifted one from the other by 50 m/s along the velocity axis.
We found a fair agreement between the simulations and the experimental measurements. However, while in the linear models the influence of the fiber distribution on the behavior of the periodic laminate is significant, it diminished when dealing with viscous solids. This is because the viscous material absorbs some of the energy of the waves reflected at the internal interfaces and hence diminishes their influence on the velocity at the freesurface. In these simulations the differences between the velocity profiles determined with and without the NAG model are negligible, owing to the fact that the low impact velocities do not produce tensile stresses high enough to initiate significant nucleation and growth of void sites.
A comparison between the FE simulations and experimental measurements of the high impact velocity experiments (DC, EC) is shown in Fig. 9 . The continuous curves with clear circles and the dotted curves depict the simulated and the measured free-surface velocity profiles, respectively. The dashed curves show the results Once again we observe a fair agreement between the FE simulations and the experimentally measured velocity profiles except for the fluctuations during the plateau stage. In contrast with the low impact velocity experiments, in these two cases there is a significant difference between the profiles determined with and without the NAG model. Particularly, after the initiation of the damage in the composite, the simulations incorporating the failure model clearly trace the experimental profiles more accurately. Thus, approximately 3 ls after the initiation of the impact, the free-surface velocity profiles with the NAG model are more moderate than the profiles without the NAG model. This is due to a series of release waves propagating from the voided region inside the composite towards the free-surface. Distributions of the tensile stress in the impact direction (i.e., the stress normal to the fibers) along sample DC at different times are shown in Fig. 10 . The curves marked by circles, squares, inverted triangles and triangles depict the stress along the sample 2.0, 2.2, 2.4, and 2.6 ls after the initiation of the impact, respectively. The highest tensile stress developed approximately 2.2 ls after the initiation of the impact approximately 0.6-0.7 mm from the impactor-sample interface. The magnitude of the tensile stress at this time and location is about 200 MPa. These results are in agreement with the time, location and tensile stress magnitudes that were approximated by Zaretsky et al. (2004) for the DC experiment.
Idealized distributions of the microstructure
In the previous section, it was found that when the constituents are viscoelastic, the influence of a nonuniform microstructure is diminished when the length scale on the variations of the distribution function is small. In this section, we examine the influence of idealized distribution functions with length scale variations of the order of the sample's length. First, we examine the class of linear-elastic composites and then, by making use of the constitutive parameters determined in the previous section, we examine the behavior of composites with a more realistic behavior. The simplest distribution function, the linear one, is considered first.
Two composites with linear distribution functions were investigated. The first has a positive slope (LPS), that is, a lamina with a low density of the reinforcement at the impacted surface which is increasing towards the free-surface. The second has a negative slope (LNS), that is, the opposite type of reinforcement distribution. From requirements (1) and (2) it follows that the LPS distribution function with the largest variation of the reinforcement is
Similarly, the steepest LNS distribution function is
We recall thatx is the normalized distance along the sample. A sketch of a composite with a LPS distribution function with five composite-pairs is shown in Fig. 4 . The free-surface velocity profiles determined for the linear-elastic samples with the steepest LNS and LPS reinforcement distributions, together with a profile for a sample with a uniform distribution (UNI), are shown in Fig. 11 . Here and throughout this section the time axis is normalized by 
where L S is the length of the sample, c ef ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi E 0 ef =q ef p and where E 0 ef and q ef are given in Eq. (11). The velocity axis is normalized by the impact velocity v imp . These results were determined by application of the method of characteristics for the same material properties measured by Zaretsky et al. (2004) and used in the linear simulations of Section 3. Additionally, the impact velocity was v imp = 65 m/s, the sample length was L S = 3.16 mm, the number of composite-pairs was N cp = 10, and the aluminum impactor was infinitely long. The curves marked by circles, inverted triangles and squares correspond to the LNS, UNI and LPS distribution functions, respectively.
In the LPS case, where the sample is becoming stiffer through its thickness, the slope of the rise stage is moderate and the free-surface velocity at the beginning of the plateau stage is almost three times smaller than the one for the LNS case, and half the velocity determined for the UNI sample. This implies that the sample, which gradually becomes stiffer, absorbs more energy during the initial stage of the impact. Thus, for example, in cases where there is a need to lower the rate of the energy transfer through the sample (e.g., protective armor) it is clear that a composite with a LPS distribution function of the reinforcement is superior. In the opposite case, when one wishes to maximize the rate of energy transfer, a composite with an LNS distribution function should be used.
To examine whether further reduction or amplification of the energy transfer rate through the sample can be obtained we considered six samples with parabolic distributions of the reinforcement: three concave distribution functions with maximal concentration of the reinforcement atx e ¼ 0; , and 1, which we denote as VPN, VPC and VPP, respectively, and three convex functions with minimal concentration of the reinforcement atx e ¼ 0; 1 2 , and 1, which are denoted as XPP, XPC and XPN, respectively. To maximize the differences between the responses of the six composites we chose those parameters that maximize the variations of the distribution functions. Thus, for all six functions the value of the parameter a in Eq. (6) is on the boundary of the realizable domain (see Fig. 2 ). All the simulations are of samples with identical lengths and total fiber volume fraction as well as impact velocity and impactor. These parameters are also identical to those chosen for the two samples with linear distribution functions in Fig. 11 . Shown in Fig. 12 are the responses of three composites with decreasing amount of reinforcement along their thickness. The curves marked by circles, inverted triangles and squares correspond to the LNS, XPN and VPN distribution functions, respectively. There are no significant differences between the free-surface velocity profiles of the VPN and the XPN cases although the profile for the VPN composite exhibits a less steep slope during the rise stage and a slightly lower value of maximal velocity. The curves for the composites with the parabolic distribution functions (XPN, VPN) lie beneath the curve for the composite with the linear distribution function (LNS). The velocity profiles of two composites with parabolic distribution functions that are symmetric about the center of the composites are shown in Fig. 13 . The curves marked by circles and squares correspond to the VPC and the XPC distribution functions, respectively. There are noticeable differences between the two free-surface velocity profiles. According to the simulation of the XPC composite (the one with minimal fiber concentration at the center), the maximal velocity is lower than the one determined for the VPC composite. This implies that high fiber concentration at the center of the sample accelerates the rate in which the impact energy is transmitted to the free-surface.
A comparison between the free-surface velocity profiles of composites with increasing density of the reinforcement is shown in Fig. 14 . The curves marked by circles, inverted triangles and squares correspond to the VPP, LPS and XPP distribution functions, respectively. There is a significant difference between the velocity profiles, and once again the free-surface velocity of the composite with the concave distribution function (VPP) is higher than the one determined for the composite with the convex function (XPP). The response of the composite with the linear distribution function (LPS) is quite similar to that of the XPP composite.
We found that the precise distribution of the reinforcement can have a significant influence on the response of the composite. In particular, composites with convex distributions of the reinforcement tend to transmit less energy to the free-surface. However, in all the cases that we examined the responses of the composites with the linear distribution functions were very close to those of the composites with parabolic distribution functions with extremal free-surface velocity profiles (higher or lower). Therefore our next step was to study the responses of composites with linear distribution functions and inelastic constitutive model for the epoxy phase as determined in the previous section.
The responses of LPS and LNS composites with linear and inelastic behaviors of the epoxy phase are shown in Fig. 15 for an impact with an infinitely long impactor moving at 65 m/s. The thin curves depict the profiles determined for the linear composites, and the thick curves the profiles determined for the inelastic composites. The circle and square marks correspond to LPS and LNS distributions of the reinforcement. Our first observation is that in contrast to the results of the previous section the general behavior is conserved when considering a viscous behavior of the phases. Thus, the LPS and the LNS distribution functions have a significant influence on the transmission of energy even when the constituents are not linear-elastic. Particularly, the LPS composite absorbs the impact energy more effectively than composites with uniform or LNS distributions. In agreement with the findings of the previous section, the viscous behavior diminishes the fluctuations in the free-surface velocity profiles observed in the linear simulations. Thus, the curves for the FE-NAG simulations closely follow a path which resembles the average of the corresponding linear simulations. The damage associated with the NAG model is not exhibited in these simulations since due to the impactor's length no severe tensile stresses developed in the composites. To examine the influence of damage accumulation, we next consider an impact with a short impactor. The free-surface velocity profiles determined for LPS and LNS composites with linear and inelastic behaviors of the epoxy due to a collision with a 2-mm thick aluminum impactor traveling at 150 m/s are shown in Fig. 16 model. The constitutive model determined in the previous section was used for characterizing the behavior of the epoxy phase in these simulations. We point out that in these simulations a higher impact velocity was considered to amplify the failure processes during the simulations. The differences between the free-surface velocity profiles due to impacts with infinitely long and finite impactors can be identified when the waves generated at the impactor-sample interface during their separation arrive at the free-surface of the sample. We recall that separation between the impactor and the sample occurs when a release wave arrives at the interface between them from one of the free-surfaces (the sample's or the impactor's). The time period e T , which is the time it takes for the information about the separation to arrive at the free-surface of the sample can be calculated from knowledge of the properties of the sample and the impactor. For the chosen impactor, the separation occurs due to a release wave arriving from the impactor's freesurface. Therefore, recalling that c ¼ ffiffiffiffiffiffiffiffiffi ffi
where L I is the impactor's length and c al is the speed of the stress waves in aluminum. As expected, the differences between the velocity profiles for the infinite and the finite impactors occur at approximately 1.5T L (compare Figs. 15 and Fig. 16 ).
As observed in the case of an impact with an infinite impactor, the LPS composite in which the reinforcement volume fraction increases absorbs more of the impact's energy. The maximal velocity of the free-surface (Fig. 16c) is approximately one-half of the velocity determined for the LNS composite (Fig. 16a) and twothirds of the maximal free-surface velocity for the uniformly-distributed composite (Fig. 16b) . Moreover, in contrast to the LNS and the uniform composites, the free-surface velocity profile for the LPS composite with inelastic behavior is almost identical to the profiles determined for the linear LPS composite and the inelastic without NAG LPS composite (the dashed curve). This implies that during the 150 m/s impact no severe damage due to tensile stresses took place in the LPS composite. To test this conclusion, we next examine the variations of the tensile stresses in the LPS sample.
The tensile stresses developing along the LPS sample at different times are shown in Fig. 17 . The curves marked by circles, squares, inverted triangles and triangles depict the stress distributions along the sample 2.0, 2.2, 2.4, and 2.6 ls after the initiation of the impact, respectively.
The maximal tensile stress in the LPS sample develops almost at the same time and location determined for the DC experiment shown in Fig. 10 . However, despite the fact that the impact velocities in these two simu- lations are almost identical, the magnitude of the tensile stress in the LPS sample is markedly lower than the magnitude of the tensile stress in the DC sample (approximately 140 MPa in the LPS sample versus more than 200 MPa in the DC sample). This observation further supports our conclusion that the amount of damage accumulated in the LPS composite is markedly lower than the corresponding damage that accumulates in a composite sample with uniform distribution of the reinforcement.
Conclusions
The objective of this work was twofold. The first was to identify and adjust a constitutive model that would allow us to estimate the response of a specific composite subjected to transient loading conditions. The second was to examine the possible influence of the composite's microstructure on its dynamic response. In particular, we wanted to examine the influence of the distribution function which characterizes the distribution of the reinforcement within the composite. For this purpose we derived appropriate limitations on the distribution function and induced realizable domains for the parameters characterizing a few different functions.
To accomplish the first task, we analyzed the planar impact experiments that were previously carried out by Zaretsky et al. (2004) on commercial grade glass-fiber reinforced epoxy composite samples. Initially, the response of a composite with linear-elastic behavior of both phases and normal distribution of the fibers within each of the composite's 12 sub-laminas was examined by application of the method of characteristics. We found that as the microstructure becomes fine, the free-surface velocity profiles converge to a limit depending on the particular distribution but is independent of the number of interfaces. These linear simulations led to the identification of a specific distribution of the fibers that resulted in an overall response of the composite that resembles the one measured in the plane impact experiments. Next, a finite element model in which the reinforcement was distributed according to this distribution function was constructed. The constitutive model assumed for the epoxy phases in this FE simulation involved nonlinear volumetric behavior based on a MieGrüneisen EOS, a viscoelastic isochoric behavior and a NAG failure model (e.g., Seaman et al., 1976) . The parameters for this constitutive model were adjusted by comparison of the simulated to the experimentally measured free-surface velocity profiles.
To achieve the second goal of the work we considered first composites with linearly increasing and linearly decreasing volume fractions of the reinforcement. We noted that during the initial stage of the impact the velocity of the free-surface of the composite which gradually becomes stiffer is markedly lower. Thus, in cases where there is a need to lower the rate of energy transfer through the sample this type of composite is superior. To examine the influence of the precise variations of the microstructure, we further examined a few composites with parabolic distribution functions. In the case of decreasing reinforcement volume fraction, we found that there are no significant differences between the free-surface velocity profiles of composites with concave or convex distribution functions. On the other hand, there are noticeable differences between the free-surface velocity profiles of composites whose maximal and minimal volume fractions of the fibers is at the center. In the composite with minimal fiber concentration at the center (XPC) the maximal velocity is lower than the one determined for the other case (VPC). Likewise, we found significant differences between the free-surface velocity profiles of the composites with the concave and convex distribution functions with increasing volume fractions of the reinforcement. Thus, composites with convex distribution of the reinforcement tend to attenuate the rate in which the energy is transformed through the sample.
A more realistic behavior of the constituents was accounted for with the aid of the constitutive model used for simulating the experiments of Zaretsky et al. (2004) . Our first observation was that when the scale of the variation is of the order of the sample's size, the general response is conserved when considering viscoelastic behavior of the phases. Particularly, composites which gradually become stiffer absorb the impact energy more effectively. However, the viscous behavior diminishes the fluctuations of the free-surface velocity profiles observed during the corresponding linear simulations.
Damage processes due to tensile stresses were intensified by simulating impacts with a short impactor. The differences between the free-surface velocity profiles due to impacts with long and short impactors could be identified when the waves generated at the impactor-sample interface during their separation arrive at the free-surface of the sample. As observed in the case of an impact with a long impactor, the composite with increasing reinforcement volume fraction attenuates the transfer rate of the impact's energy. Moreover, in that case a comparison between simulations of the composite with and without the failure model suggested that the amount of damage accumulated during the impact is small. This is in contrast to analogous comparisons carried out for composites with other types of distribution functions.
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Appendix A. The inelastic constitutive model assumed for the epoxy To characterize the transient response of the epoxy, we made use of common constitutive models. The relations between the hydrostatic stresses and the volumetric stains are described in terms of a Mie-Grü neisen equation of state (EOS) together with a linear approximation for the dependency of the shock speed on the particle velocity in the principal shock Hugoniot. The expression for the pressure is,
where C 0 (a material constant) is the Grü neisen coefficient for the material at a reference density q 0 , g = 1 À q 0 /q is the nominal volumetric compressive strain (q is the current density), c 0 is the dilatational shock velocity, and E m is the specific internal energy. In this work, we assume C 0 = 0. The material constant s defines the linear relationship between the shock velocity U s and the particle velocity U p via the relation U s = c 0 + sU p . The constitutive model for the deviatoric component of the stress depends on the isochoric strains and their rate. Thus, we follow a common assumption that the deviatoric and the volumetric responses are uncoupled. We consider a simple model in which the relation between the deviatoric stress tensor S ij = r ij À P S d ij and the deviatoric elastic strain tensor e ij = ij À kk d ij /3 is
Here, l is the elastic shear modulus and l v is the dynamic viscosity. This model, which corresponds to a spring in parallel with a dashpot, is commonly referred to as a Voigt solid. The NAG model of Seaman et al. (1976) was used for characterizing failure in the epoxy. Here, we only briefly summarize the model that was developed in that work. In the model of Seaman et al. (1976) , the fracture occurs by processes of nucleation and growth of nearly spherical voids. The stress is decomposed into its hydrostatic and deviatoric components. With the aid of Eq. (17), the average pressure in the fractured section of the material is determined via the relation
where V v is the total change in the voids volume at the end of the time interval. V v is calculated by the sum of the contributions associated with the nucleation and the growth by the expression V v ¼ 8pN 0 R 3 10 exp 3
Here, N 0 is the total number of voids per cubic centimeter, R 10 is the size parameter at the beginning of the time interval, P S is the tensile pressure in the solid material, P g0 is the threshold for growth, Dt is a time interval and R n is the nucleation size parameter. _ N is a nucleation rate function which is determined via the relation _ N ¼ _ N 0 exp½ðP S À P n0 Þ=P 1 ; P S > P n0 _ N ¼ 0; P S 6 P n0 ;
where P n0 is the threshold for nucleation, and _ N 0 and P 1 are material constants. Due to the damage accumulating in the material, the shear modulus decreases with the evolving porosity according to the relation
where, l 0 is the reference shear modulus of the solid, and
where m is the Poisson's ratio. 
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